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Theory

Rutherford Scattering:

Nto[x] xdx = 2x5 xqlx]1/ x* dx

x4 =4xNte'zl/ (pep)?

Nt "The number of atoms/cm”™ m the scattenng tacgel,
e The chasge of the nucleus,
B The veloaty of the beam particle,

q(yx)  The form factor of the scattenng center,
Yol A parameter that defines the target and beam. Note that we have used /77

the definition mstead of Z(7+1) which 1s used m B10 and we distinguish this
by an additional 1 m the subscrpl.

2 the momentum of the beam particle.

In the following, B*** refers to formulas in Bethe’s article , PR 1256, 89 , 1953

X.. Is the angle where Prob[y = x_, ] =1 and is a property of
the target material and thickness.



Trouble calculating the rms scattering
angle for Rutherford scattering

Xoms = j X’ ))((—%q()())(d X = o The form factor solves the small
0
divergence but there is a log divergence as Y = .

The solution is formulated thru the use of the transport equation>

o fre, t1 = -Nf[g, t] J-o[x] xdx + Njf [e', t] o[x]dx

Bethe makes a Fourier Bessel transform and solves the equation:

fle, t] = JooonJo[Grl] Bxp[-N fomo[x] x (L-Jolnx1) dx] dn

The PDG formula for multiple scattering gives the gaussian center but
eventually falls below the single scattering cross section. The above
formulation connects the small angle gaussian with the large angle single
scattring tail.



Cross section
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Black is mu-p scattering. The red and green are the two branches
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THE CROSS SECTION :

It has been customary to:
1. Use the Thomas Fermi model for the atom. OK large Z. Bad for small Z.

2. Old guys knew that scattering off the electrons was nearly the same as
for a proton and so they used Z(Z+1) in the Rutherford scattering law.

CORRECTIONS:

1. Use the correct wave functions for hydrogen and use the elastic and
inelastic form factors that are available in x-ray scattering tables to give the
correct cross section formula:

(Gt [x1 + L Ginel [x]) 1
i 1+ 5] /%

o[lx] = 2Xc1[

(1+32)
Hydrogen:
Qe [t] = (L -f[tD)" 5 diner[t] =1-F[t]°
frty = 1
[t = (1 - agt /4)? Hydrogen Bohr radius &,
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2. The elastic form factors for H, He, Li. and Be as a function of momentum transter

in units of eV/e.



Inelastic Form Factors for H, He. 11, Be
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Fig.3. Inelastic form factors for H, He, Li, and Be as a function of momentum transfer in
units of eV/e.



fle, t] = foano[en] Bxp[-N fmo[x] x (L-Jolnx1) dx] dn

OUTLINE OF PROCEDURE:

1. Carry out integrals over cross sections numerically for small t. For large t,
the form factors =1 and the integrals can be done analytically. The integrals
are independent of thickness and depend only on the element and thus yield
a screening angle  X,(z) Hence a table of values can be made. Using this
parameter, Bethe and Moliere put the above integral in the form:

® L2, 1 2101l 2
f t6] 6 do - eJ.UJO[ ue ]e(4u i PIn[5 ) g,
, B Jo JBRZ
b=In[*] +1 -2%.577 B-In[(B] = b
X8a

The first term in the exponent leads to a gaussian and the second term
approaches the X law for large angles. 3



2. There is an additional modification for the inelastic part.

1. Unlike the elastic part, the inelastic integral diverges at 0.
However, it is also cut off at the first excitation level of the atom.

The value is very insensitive to this cutoff.

2. The inelastic integral does not go to large angles. It must be

cutoff at :
=48 mr

n,

my

Provided the multiple scattering is greater than 4.8 mr, the
electrons will contribute only to the gaussian core! This is the
case we find most often in muon cooling systems.

i nel
bel =J‘90q [x] d x
0 X

3. The elastic is treated as before and a combined b generated

2 2*b| 1 1 1
b'=|n[§§;|1]+1-2*.577+ . B' -log[B'] =D
9



- 12, 1 21l 2
f t6] o do = GJuJo[ ue ]e(4u i PIn[5 ) g,
B¢ Jo V' Bxé

Where B’ is used in place of B. Bethe expands the above into a series, but
now days it is easy to numerically evaluate it directly.

P dp;  (; (0 Pt 2 1. Pt 1 )

f dpt = - If — — f — — !

[Pl Pr Cpx Bpz | [Bpg] "B [Bpg]+|32 )
Gaussian Transition to single scattering

f M x] = 2e™ (x - 1) (Loglntegral [e*] - In[x]) - 2 (1 - 2e™)

10
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Some predictions for targets of the MUSCAT experiment at P=172 MeV/c

pt%« sigma[pt] conpared to Rutherford scattering
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The large angle scattering serves as a test for any theory, Monte Carlo
calculation, or Experiment!

Tom Roberts has made some MC calculations for the MUSCAT targets using
GEANT 4. The results are shown below:
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Thi ck Hydrogen target
Data + px3
Red px® » Rutherford
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Comparison of G4 at small angles for MUSCAT 159 mm H target
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Wade Allison at Oxford has generated a new MC that not only corrects for
the use of the Thomas Fermi model of the atom, but uses the correct basic
scattering theory. This allows a calculation of the correlation between the
energy loss and the scattering angle distribution. This correlation was
observed in Neutrino Factory Study 1. It is not large but because the
particle is moving in a magnet field it should be inserted correctly into the
cooling MC. ELMS can do this, but | find an effect that doesn’t seem to be
correct. | plot below the ratio of the ELMS MC as given in the MUSCAT
paper for the hydrogen targets to the theory presented here. The ratio
should be 1 and in particular it must approach 1 for large scattering.
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The horizontal scale is MeV/C
and as shown above the
scattering should just be
Rutherford scattering off the
proton for momentum transfers
greater than 7 MeV/c.
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Experimental results from MUSCAT:
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Pt4« Prob[Pt}, Vert. Line at Pt = Pxme/mu

3.5x1012 10 cmH (Z-1) . .

31022 10 om H | How is the transition made near:
2.5x1012 1 cmH (x 10) - m

21012 0.1 cm (x 100) Hrms = 90 =—=p =1 MeV/c
1.5x10%2 ’ mﬂ

1x10%2

5x 1011 —

0. | | | | For 6 <<, useZ(Z+1)
0 2x10% 4x10% 6x10% 8x10% 1x10’
but cut 1/B function by 0.5

probZZl (pt) / probzZZpt) Vert. Line at Pt = P«me/nu at H= 80.

e

2
sl | For 8, >>6, useZ".
—— ratio =1
1.6 - Zmn | The in between region
— 3 cmH

ha needs Monte Carlo study.
1.2}

1 L
0.8 | | ‘ | ‘ .

0 1x10% 2x10% 3x10® 4x10% 5x10°

19



CONCLUSIONS

. We should get an accurate MC into the simulation programs.

. G4 is off by a big factor for the larger angles which can influence particle
loss and is slightly pessimistic at small angles.

. The correlation between energy loss and large angle scattering makes
small differences and was observed in Study |. ELMS or the work of
Striganov could fix this.

. The errors are small, but we need to clean things up.
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