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Theory

Rutherford Scattering:

In the following, B*** refers to formulas in Bethe’s article , PR 1256, 89 , 1953

1 1] 1 is the angle where Prob[  and is a property of 
the target material and thickness.
c cχ χ χ≥ =
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Trouble calculating the rms scattering 
angle for Rutherford scattering
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  The form factor solves the small 

divergence but there is a log divergence as 

c
rms q dχ

χ
χ χ χ χ χ χ

χ

∞

= ⇒ ∞

⇒ ∞

∫

∂t f@θ, tD = −Nf@θ, tD ‡ σ@χD χ Å χ + N ‡ fAθ', tE σ@χD Å χ

The solution is formulated thru the use of the transport equation>

Bethe makes a Fourier Bessel transform and solves the equation:

f@θ, tD = ‡
0

∞
η J0@θ ηD ExpA−Nt ‡

0

∞
σ@χD χ H1− J0@η χDL Å χE Å η

The PDG formula for multiple scattering gives the gaussian center but 
eventually falls below the single scattering cross section.  The above 
formulation connects the small angle gaussian with the large angle single 
scattring tail.
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mu - e Lab Cross section, 186 MeVêc

Black is mu-p scattering.  The red and green are the two branches 
of the mu-e scattering
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THE CROSS SECTION :

It has been customary to:

1. Use the Thomas Fermi model for the atom.  OK large Z.  Bad for small Z.

2. Old guys knew that scattering off the electrons was nearly the same as 
for a proton and so they used Z(Z+1) in the Rutherford scattering law.

CORRECTIONS:

1.  Use the correct wave functions for hydrogen and use the elastic and 
inelastic form factors that are available in x-ray scattering tables to give the 
correct cross section formula:

qel@tD = H1 − f@tDL2 ; qinel@tD = 1 − f@tD2
f@tD =

1H1 − a02tê 4L2

σ@χD = 2 χc1
2 A Iqel@χD + 1

Z
qinel@χD MI1 + 1
Z
M E A1 +

1

Z
E ì χ4

Hydrogen Bohr radius 0a

Hydrogen:
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OUTLINE OF PROCEDURE:

1.  Carry out integrals over cross sections numerically for small  t.  For large t, 
the form factors =1 and the integrals can be done analytically. The integrals 
are independent of thickness and depend only on the element and thus yield 
a screening angle                 Hence a table of values can be made. Using this 
parameter,  Bethe and Moliere put the above integral in the form:

f@θ, tD = ‡
0

∞
η J0@θ ηD ExpA−Nt ‡

0

∞
σ@χD χ H1− J0@η χDL Å χE Å η

( )a zχ

f@θD θ dθ =
θ dθ

Bχc2
 ‡
0

∞
uJ0A uθè!!!!!!!!Bχc

2
E eI− 1

4
 u2+ 1

4 B
 u2lnA 1

4
u2EM

 Åu

b= lnA χc
2

χa2
E + 1 − 2 ∗ .577 B − ln B = b

The first term in the exponent leads to a gaussian and the second term 
approaches the          law for large  angles.

4χ −
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2. There is an additional modification for the inelastic part.

1. Unlike the elastic part, the inelastic integral diverges at 0.
However, it is also cut off at the first excitation level of the atom.  
The value is very insensitive to this cutoff.

2. The inelastic integral does not go to large angles.  It must be 
cutoff at : 

4.8   mrem
mµ

=

Provided the multiple scattering is greater than 4.8 mr, the 
electrons will contribute only to the gaussian core!  This is the 
case we find most often in muon cooling systems.

3.   The elastic is treated as before and a combined b generated

bel= ‡
0

θ0 qinel@χD
χ

 Å χ

b'= lnA χc1
χael

E2 + 1 − 2 ∗ .577 +
2∗ bel

Z
B'− log B' = b'
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f@θD θ dθ =
θ dθ

Bχc2
 ‡
0

∞
uJ0A uθè!!!!!!!!Bχc

2
E eI− 1

4
 u2+ 1

4 B
 u2lnA 1

4
u2EM

 Åu

Where B’ is used in place of B.  Bethe expands the above into a series, but 
now days it is easy to numerically evaluate it directly.

f@ptD pt dpt =
ptdpt
B pc2

 
ikjjfH0LA pt2Bpc2

E +
1

B
 fH1LA pt2

Bpc2
E +

1

B2
......

y{zz
Gaussian Transition to single scattering

fH0L@xD = 2e−x

fH1L@xD = 2e−x Hx − 1L HLogIntegral@exD − ln@xDL − 2 H1 − 2e−xL
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f@ptD pt dpt =
ptdpt
B pc2

 
ikjjfH0LA pt2Bpc2

E +
1

B
 fH1LA pt2

Bpc2
E +

1

B2
......

y{zz
gaussian

Approaches  Rutherford (Z2 )
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Some predictions for targets of the MUSCAT experiment at P=172 MeV/c

0 1 × 106 2× 106 3× 106 4 × 106 5× 106
0

2.5× 10−13

5× 10−13

7.5× 10−13

1× 10−12

1.25× 10−12

1.5× 10−12

Black H .82 grmsêcm2
Red H 1.2 grmsêcm2
Green Li .34 grmsêcm^2
Blue C ..42 grmsêcm2

0 5× 106 1× 107 1.5 × 107 2× 107
0

1× 1012

2× 1012

3× 1012

4× 1012

pt4∗ sigma@ptD compared to Rutherford scattering
The scattering is dominated by single scattering
for pt>10 MeVêc. Horz scale pt in eVêc. Thin H

0 5 × 106 1× 107 1.5 × 107 2 × 107
0

5× 1011

1× 1012

1.5× 1012

2× 1012

pt4∗ sigma@ptD compared to Rutherford scattering
The scattering is dominated by single scattering
for pt>10 MeVêc. Horz scale pt in eVêc. Carbon

The red line is a constant given by:
2
1
4

4 4 2
1(2 ) 2c

t

p
t Rutherford t cp
p p pσ = =

Note single scattering predominates 
after :

pc1
2 =

4 π Nte4Z2@cβD2
5 7 /tp Mev C> −
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The large angle scattering serves as a test for any theory, Monte Carlo 
calculation, or Experiment!

Tom Roberts has made some MC calculations for the MUSCAT targets using 
GEANT 4.  The results are shown below:

2.5× 1065 × 1067.5 × 1061× 1071.25 × 1071.5 × 1071.75 × 1072× 107

2× 1011

4× 1011

6× 1011

8× 1011

1× 1012

thick Be MC compared to
AVT theory
Red Rutherford

2.5× 1065×1067.5×1061× 1071.25×1071.5×1071.75× 1072× 107

2×1011

4×1011

6×1011

8×1011

1×1012
Carbon

The plots are for projected   xp
The solid line is the theory as outlined 
above.  The red line is Rutherford
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2.5 × 1065 × 1067.5 × 1061× 1071.25 × 1071.5 × 1071.75 × 1072× 107

2.5× 1011

5× 1011

7.5× 1011

1× 1012

1.25× 1012

1.5× 1012

1.75× 1012

2× 1012

Thick Hydrogen target
Data ∗ px3

Red px3 ∗ Rutherford

2.5 × 1065 × 1067.5 × 1061 × 1071.25 × 1071.5 × 1071.75 × 1072 × 107

1 × 1011

2 × 1011

3 × 1011

4 × 1011

5 × 1011

6 × 1011
Thick Lithium Target

It is clear that there is trouble with 
GEANT.  Part is explained by the 
use of Z (Z+1) instead of Z2….a 
factor of 2 for hydrogen.  
MUSCAT also observed this 
discrepency.
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Comparison of G4 at small angles for MUSCAT 159 mm H target
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0
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Red Theory
Blue G4 MCfrom T. Roberts
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delta pt per bin = 5 e5
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Wade Allison at Oxford has generated a new MC that not only corrects for 
the use of the Thomas Fermi model of the atom, but uses the correct basic 
scattering theory.  This allows a calculation of the correlation between the 
energy loss and the scattering angle distribution.  This correlation was 
observed in Neutrino Factory Study 1.  It is not large but because the 
particle is moving in a magnet field it should be inserted correctly into the 
cooling MC.  ELMS can do this, but I find an effect that doesn’t seem to be 
correct.  I plot below the ratio of the ELMS MC as given in the MUSCAT 
paper for the hydrogen targets to the theory presented here.  The ratio 
should be 1 and in particular it must approach 1 for large scattering.

0 2.5 5 7.5 10 12.5 15 17.5

0.75

0.8

0.85

0.9

0.95

1

1.05

ELMS over theory for:
Red 0.82 grmsêcm2 H
Green 1.2 grmsêcm2 H

The horizontal scale is MeV/C 
and as shown above the 
scattering should just be 
Rutherford scattering off the 
proton for momentum transfers 
greater than  7 MeV/c.
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MUSCAT DATA

Hydrogen 109 mm                                        Hydrogen 159 mm                                     

Lithium   6.4 mm                                         Bertllium 3.73 mm
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Experimental results from MUSCAT:
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Ratio Expêprediction for
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Horzontal scale is in MeVêc
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Ratio Expêprediction for
Red 0.42 grmsêcm2 C
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0
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3 × 1012

3.5 × 1012
Pt4∗ Prob@Pt<, Vert. Line at Pt = P∗meêmu

0.1 cm Hx 100L1 cm H Hx 10L10 cm H

10 cm H HZ=1L
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1

1.2

1.4

1.6

1.8

2

probZZ1HptL ê probZZHptL Vert. Line at Pt = P∗meêmu

3 cm H
1 cm H
2 mm H
ratio =1

How is the transition made near:

0 1MeV/ce
rms

m p
mµ

θ θ =

0

0

.

.
0

2

For    use Z(Z+1) 
but cut 1/B function by 0.5
at =

For   use Z
The in between region 
needs Monte Carlo study. 

rms

rms

θ θ

θ θ
θ θ

<<

>>
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CONCLUSIONS

1. We should get an accurate MC into the simulation programs.  

2. G4 is off by a big factor for the larger angles which can influence particle 
loss and is slightly pessimistic at small angles.

3. The correlation between energy loss and large angle scattering makes 
small differences and was observed in Study I.  ELMS or the work of 
Striganov could fix this.  

4. The errors are small, but we need to clean things up.


